Abstract. We investigate W (E 8 )-invariant Jacobi forms which are the Jacobi forms invariant under the action of the Weyl group of the root system E 8 . This type of Jacobi forms has applications in mathematics and physics, but very little has been known about its structure. In this paper we show that the bigraded ring of weak W (E 8 )-invariant Jacobi forms is not a polynomial algebra over C and prove that every W (E 8 )-invariant Jacobi form can be expressed uniquely as a polynomial in nine algebraically independent holomorphic Jacobi forms introduced by Sakai with coefficients which are meromorphic SL 2 (Z) modular forms. The latter result implies that the graded ring of weak W (E 8 )-invariant Jacobi forms of fixed index is a free module over the ring of SL 2 (Z) modular forms and the number of generators can be calculated by a generating series. We also determine and construct all generators of small index. These results extend Wirthmüller's theorem proved in 1992 to the last open case.
For the lattice constructed from the classical root system R, one can define the Jacobi forms which are invariant with respect to the action of the Weyl group W (R). Such Jacobi forms are called W (R)-invariant Jacobi forms. In this setting, the classical Jacobi forms in the sense of Eichler and Zagier [10] are in fact the W (A 1 )-invariant Jacobi forms. The space of W (R)-invariant weak Jacobi forms forms a bigraded ring graded by the weight and the index. The problem on the algebraic structure of such bigraded ring was motivated by the works on the invariants of generalized root systems of E. Looijenga [21, 22] and K. Saito [27] . This problem is closely related to the theory of Frobenius manifolds (see [3, 4, 7, 8, 30] ). The first solution of this problem was given by Wirthmüller. In 1992, Wirthmüller [34] proved that the bigraded ring of W (R)-invariant weak Jacobi forms is a polynomial algebra over the ring of SL 2 (Z) modular forms except the root system E 8 . But Wirthmüller's solution was totally non-constructive and did not get the construction of the generators like in the case of A 1 considered in the book [10] of Eichler-Zagier. On account of this defect, later Bertola [2] and Satake [30] reconsidered this problem and found explicit constructions of the generators for the root systems A n , B n , G 2 , D 4 and E 6 .
Wirthmüller's theorem does not cover the case of E 8 and the case of E 8 was completely open for 25 years. The W (E 8 )-invariant Jacobi forms appear in various contexts in mathematics and physics and play an important role in string theory. The original Seiberg-Witten curve for the E-string theory is expressed in terms of W (E 8 )-invariant Jacobi forms [28] . The Gromov-Witten partition function Z g;n (τ |µ) of genus g and winding number n of the local B 9 model is a W (E 8 )-invariant quasi-Jacobi form of index n and weight 2g − 6 + 2n up to a factor [23, 24] . The P 1 -relative Gromov-Witten potentials of the rational elliptic surface are W (E 8 )-invariant quasi-Jacobi forms numerically and the Gromov-Witten potentials of the Schoen Calabi-Yau threefold (relative to P 1 ) are E 8 × E 8 quasibi-Jacobi forms [26] . But unfortunately, very little has been known about the ring of W (E 8 )-invariant weak Jacobi forms. The aim of this paper is to investigate the structure of the space of W (E 8 )-invariant Jacobi forms.
Let τ ∈ H and z ∈ E 8 ⊗ C. A holomorphic function ϕ(τ, z) is called a W (E 8 )-invariant weak Jacobi form if it is invariant under the action of Jacobi group which is the semidirect product of SL 2 (Z) and the integral Heisenberg group of E 8 , has a Fourier expansion of the form ϕ(τ, z) = n≥0 ℓ∈E8 f (n, ℓ)e 2πi(nτ +(ℓ,z)) , and satisfies ϕ(τ, σ(z)) = ϕ(τ, z), for all σ ∈ W (E 8 ).
Sakai [28] constructed nine independent W (E 8 )-invariant holomorphic Jacobi forms, noted by A 1 , A 2 , A 3 , A 4 , A 5 , B 2 , B 3 , B 4 , B 6 . The Jacobi forms A m , B m are of weight 4, 6 and index m respectively. Sakai [29] also conjected that the number of generators of W (E 8 )-invariant Jacobi forms of index m coincides with the number of fundamental representations at level m. In this paper, we give his conjecture an explicit mathematical description and prove it to be true. We first study values of W (E 8 )-invariant Jacobi forms at q = 0, which are called q 0 -terms of Jacobi forms. We prove that q 0 -term of any W (E 8 )-invariant Jacobi form can be . We do this by analysing the spaces of weak Jacobi forms of fixed index and non-positive weight.
We first construct many basic Jacobi forms of non-positive weight in terms of Jacobi theta functions. The main tool is the weight raising differential operators (see Lemma 3.4) .
We then determine the dimension of the space of Jacobi forms of fixed index and any given negative weight. To do this, we study the orbits of E 8 vectors of fixed norm under the action of the Weyl group and represent q 0 -terms of Jacobi forms as linear combinations of these orbits. By means of the following two crucial facts,
(1) From a given Jacobi form of weight k, we can construct a Jacobi form of weight k + 2j for every positive integer j by the differential operators. (2) If one takes z = 0, then q 0 -term of any Jacobi form of negative weight will be zero. In addition, coefficients of q 0 -term of any Jacobi form of weight zero satisfy a linear relation (see Lemma 3.5) . from a given Jacobi form of negative weight with indicated q 0 -term, we can build a certain system of linear equations with elements consisting of coefficients of the orbits of E 8 vectors in the q 0 -terms of Jacobi forms of non-positive weights. By solving the linear system, we can know if the Jacobi form of negative weight with given q 0 -term exists. The following theorem illuminates the structure of J for t = 5 and 6. In §6 some applications are indicated. We estimate the dimension of the space of modular forms for the orthogonal group O + (2U ⊕ E 8 (−1)) and give it an upper bound using our theory of W (E 8 )-invariant Jacobi forms. This upper bound almost coincides with the exact dimension obtained by [19] .
Background: Weyl invariant Jacobi forms
In this section we define the Weyl invariant Jacobi forms and recall Wirthmüller's structure theorem. Assume that R is an irreducible root system of rank r. Then R is one of the following types (see [1] 
)
A n (n ≥ 1), B n (n ≥ 2), C n (n ≥ 2), D n (n ≥ 3), E 6 , E 7 , E 8 , G 2 , F 4 .
Let L(R) be the root lattice generated by R. When L(R) is an odd lattice, we equip L(R) with the new bilinear form 2(·, ·) rescaled by 2. We denote the normalized bilinear form of L(R) by ·, · . In what follows, let L(R)
∨ denote the dual lattice of L(R) and W (R) denote the Weyl group of R. As L(R) are now even positivedefinite lattices, we can define W (R)-invariant Jacobi forms with respect to L(R) in the following way.
Definition 2.1. Let ϕ : H × (L(R) ⊗ C) → C be a holomorphic function and k ∈ Z, t ∈ N. If ϕ satisfies the following properties
• Weyl invariance:
• Quasi-periodicity:
• Modularity:
• ϕ(τ, z) admits a Fourier expansion of the form
then ϕ is called a W (R)-invariant weak Jacobi form of weight k and index t. If ϕ further satisfies the condition
then ϕ is called a W (R)-invariant holomorphic Jacobi form. If ϕ further satisfies the stronger condition the vector spaces of W (R)-invariant weak Jacobi forms, holomorphic Jacobi forms and Jacobi cusp forms of weight k and index t.
We next introduce many notations about root systems following [1] . The dual root system of R is defined as
where r ∨ = 2 (r,r) r is the coroot of r. The weight lattice of R is defined as (2.6)
Let α denote the highest root of R ∨ . In 1992, Wirthmüller proved the following structure theorem. Theorem 2.2 (see Theorem 3.6 in [34] ). If R is not of type E 8 , then the bigraded ring of W (R)-invariant weak Jacobi forms over the ring of SL 2 (Z) modular forms is the polynomial algebra in r + 1 basic W (R)-invariant weak Jacobi forms of weight −k(j) and index m(j) ϕ −k(j),m(j) (τ, z), j = 0, 1, ..., r.
Apart from k(0) = 0 and m(0) = 1, the indices m(j) are the coefficients of α ∨ written as a linear combination of the simple roots of R. The integers k(j) are the degrees of the generators of the ring of W (R)-invariant polynomials and also the exponents of the Weyl group W (R) increased by 1.
We formulate the weights and indices of these generators in Table 2 . For a lattice L, we write O(L) for the integral orthogonal group of L. Note that
Remark that the W (A 1 )-invariant Jacobi forms are the classical Jacobi forms in the sense of Eichler and Zagier [10] . The generators for root systems of types A n , B n and D 4 were constructed in [2] . The generators for root systems E 6 and E 7 can be found in [29, 30] . 
W (E 6 ) (0, 1), (2, 1), (5, 1), (6, 2), (8, 2), (9, 2), (12, 3) (6, 2) , (8, 2) , (10, 2) , (12, 3) , (14, 3) , (18, 4)
Wirthmüller's theorem does not cover the case R = E 8 . In the next sections, we will focus on W (E 8 )-invariant Jacobi forms and present a proper extension of Wirthmüller's theorem to this case.
W (E 8 )-invariant Jacobi forms
In this section we give a brief overview of root lattice E 8 and introduce many useful facts about W (E 8 )-invariant Jacobi forms.
3.1. Notations and basic properties. We first fix many general notations and introduce the Jacobi theta functions. Let Z and N denote the sets of integers and non-negative integers, respectively. Let (·, ·) denote the standard scalar product on R n . The ring of SL 2 (Z) modular forms is always denoted by M * . The function ∆ = η 24 denotes the holomorphic cusp form of weight 12 on SL 2 (Z). We denote the Eisenstein seires of weight 4 and 6 on SL 2 (Z) by E 4 and E 6 , respectively. Let q = e 2πiτ and ζ = e 2πiz , where τ ∈ H and z ∈ C. The Jacobi theta functions of level two (see [25, Chapter 1] ) are defined as
The Jacobi triple product formula
defines a Jacobi form of weight with a multiplier system of order 8 (see [15] ). It plays an important role in the constructions of basic Jacobi forms. Note that ϑ(τ, z) = −iϑ 11 (τ, z) and Zτ + Z is the set of its simple zeros.
We next recall some standard facts about root lattice E 8 . For a more careful treatment of this important lattice we refer to [1, 33] . The lattice E 8 is the unique positive definite even unimodular lattice of rank 8 and one of its constructions is as follows
The following eight vectors are the fundamental weights of E 8 . The fundamental weights w j form the dual basis, so (α i , w j ) = δ ij . We remark that the highest root α E8 of E 8 is w 8 , which can be written as a linear combination of the simple roots (3.2) α E8 = w 8 = 2α 1 + 3α 2 + 4α 3 + 6α 4 + 5α 5 + 4α 6 + 3α 7 + 2α 8 .
The exponents of the Weyl group W (E 8 ) are 1, 7, 11, 13, 17, 19, 23, 29 . In Figure  1 we give the extended Coxeter-Dynkin diagram of E 8 . By [33] , Weyl group W (E 8 ) is of order 2 14 3 5 5 2 7 = 696729600 and it is generated by all permutations of 8 letters, all even sign changes, and the matrix diag{H 4 , H 4 },
where H 4 is the Hadamard matrix
In the sequel, we introduce many basic properties of W (E 8 )-invariant Jacobi forms. We first remark that W (E 8 )-invariant weak Jacobi forms are all of even weight because the operator z → −z belongs to W (E 8 ). In view of the singular weight (see [12] or [13] ), we have
k,E8,t = {0} if k < 4 and this fact is also true for holomorphic Jacobi forms with character.
The following fact is very standard. For a proof, we refer to [13, Lemma 2.1].
. Then the coefficients f (n, ℓ) of ϕ depend only on the class of ℓ in E 8 /tE 8 and on the value of 2nt − (ℓ, ℓ). Besides,
By means of the same technique as in the proof of [10, Theorem 8.4] , we can prove the next lemma.
Lemma 3.2. Let t ∈ N. The graded algebra J w,W (E8) * ,E8,t (resp. J W (E8) * ,E8,t , J cusp,W (E8) * ,E8,t ) of W (E 8 )-invariant weak Jacobi forms (resp. holomorphic Jacobi forms, Jacobi cusp forms) of index t is a free module over M * . Besides, these three modules have the same rank over M * .
We next study carefully the Fourier expansion of W (E 8 )-invariant Jacobi forms. For any n ∈ N, we define the q n -term of ϕ as
and for any m ∈ E 8 , we denote the Weyl orbit of m by and n ∈ N. We have
Moreover, orb(w i ), 1 ≤ i ≤ 8, are algebraically independent over C.
3.2.
Constructions of Jacobi forms. In this subsection we introduce several techniques to construct Jacobi forms. We first recall the following weight raising differential operators, which play a crucial role in the paper. Such operators can also be found in [5] for the general case or in [10] for classical Jacobi forms.
Lemma 3.4. Let ϕ(τ, z) = f (n, ℓ)e 2πi(nτ +(ℓ,z)) be a W (E 8 )-invariant weak Jacobi form of weight k and index t. Then H k (ϕ) is a W (E 8 )-invariant weak Jacobi form of weight k + 2 and index t, where
and E 2 (τ ) = 1 − 24 n≥1 σ(n)q n is the Eisenstein series of weight 2 on SL 2 (Z).
and the operator H(·) is equal to the heat operator Lemma 3.5. Let ϕ(τ, z) = f (n, ℓ)e 2πi(nτ +(ℓ,z)) be a W (E 8 )-invariant weak Jacobi form of weight 0 and index t. Then we have the following identity
Proof. By Lemma 3.4, we have H 0 (ϕ) ∈ J w,W (E8) 2,E8,t . It follows that H 0 (ϕ)(τ, 0) = 0 because it is a holomorphic modular form of weight 2 on SL 2 (Z). Therefore H 0 (ϕ)(τ, 0) has zero constant term, which establishes the desired identity.
The following index raising operator can be found in [12, Corollary 1] . Lemma 3.6. Let s be a positive integer and ϕ ∈ J w,W (E8) k,E8,t . Then we have
Moreover, the function ϕ| k T − (s) has a Fourier expansion of the form
where f (n, ℓ) are the Fourier coefficients of ϕ and the notation d|(n, ℓ, s) means that d|(n, s) and
Since weight 4 is the singular weight, it is impossible to construct W (E 8 )-invariant holomorphic Jacobi form of weight 6 from Jacobi forms of weight 4 by the differential operators introduced in Lemma 3.4. Next, we give a resultful method to construct W (E 8 )-invariant holomorphic Jacobi forms of weight 6. It is well known that the theta function of the root lattice E 8 defined as
is a W (E 8 )-invariant holomorphic Jacobi form of weight 4 and index 1. One can check that ϑ E8 (tτ, tz) is a W (E 8 )-invariant holomorphic Jacobi form of weight 4 and index t for the congruence subgroup Γ 0 (t). We take a modular form of weight 2 on Γ 0 (t) and note it by g(τ ). Then
Jacobi form of weight 6 and index t for Γ 0 (t). Therefore, the trace operator of
is a W (E 8 )-invariant holomorphic Jacobi form of weight 6 and index t, where | k,t γ is the slash action of γ ∈ SL 2 (Z) defined by
By the index raising operators introduced in Lemma 3.6, one can construct a W (E 8 )-invariant holomorphic Jacobi form of weight 4 and index t ≥ 1:
where * is a constant such that X t (τ, 0) = E 4 (τ ). Sakai [28] constructed five W (E 8 )-invariant holomorphic Jacobi forms of weight 4 as
if p is a prime number, one can construct W (E 8 )-invariant holomorphic Jacobi forms of weight 6 and prime index. Furthermore, one can construct W (E 8 )-invariant holomorphic Jacobi forms of weight 6 and index t ≥ 2 using the index raising operators. These Jacobi forms may reduce to Eisenstein series E 6 (τ ) by taking z = 0. Sakai [28, Appendix A.1] also constructed W (E 8 )-invariant holomorphic Jacobi forms of weight 6 and index 2, 3, 4, 6 by choosing particular modular forms on congruence subgroups of weight 2.
More precisely, they were constructed in the following way
here, these constants * are chosen such that B j (τ, 0) = E 6 (τ ).
3.3. Lifting elliptic modular forms to Jacobi forms. In this subsection we give another way to construct W (E 8 )-invariant Jacobi forms. In [31, 32] , Scheithauer constructed a map which lifts scalar-valued modular forms on congruence subgroups to modular forms for the Weil representation. In view of the isomorphism between modular forms for the Weil representation and Jacobi forms, we can easily build a lifting from scalar-valued modular forms on congruence subgroups to Jacobi forms.
For our purpose, we focus on the lattices E 8 (p), which is the group E 8 equipped with the following rescaled bilinear form
where p is a prime number. Let 
If we write
where
then we have
Moreover, the map
Proof. The formula (3.15) can be proved by [31, Theorem 6.5] . Since there exists γ = 0 in D(p) with γ, γ p ∈ 2Z, we conclude from (3.15) that the map (3.16) is injective. The surjectivity of (3.16) follows from [32, Corollary 5.5] .
Recall that the theta function for the lattice E 8 (p) are defined by
By means of [13, Lemma 2.3], we obtain the following result.
Proposition 3.8. Under the assumptions of Proposition 3.7, if we write
then the function
is a W (E 8 )-invariant holomorphic Jacobi form of weight k + 4 and index p. Moreover, the application maps cusp forms to Jacobi cusp forms.
As an application of the above map, we can construct W (E 8 )-invariant Jacobi forms of small weights. For example,
is surjective if and only if p = 2. Therefore, as an analogue of the natural isomorphism
we can build the following isomorphism.
Corollary 3.9. The following lifting
is an isomorphism.
The ring of W (E 8 )-invariant Jacobi forms
In this section we study the ring of W (E 8 )-invariant weak Jacobi forms. We know from Lemma 3.2 that the space of W (E 8 )-invariant weak Jacobi forms of fixed index is a free module over M * . In what follows we give an explicit formula to compute the number of generators. The following is our main theorem. We divide its proof into a sequence of lemmas.
Theorem 4.1. Let t be a positive integer. The space J w,W (E8) * ,E8,t of W (E 8 )-invariant weak Jacobi forms of index t is a free module of rank r(t) over M * , where r(t) is given by the generating series
Equivalently, the bigraded algebra J w,W (E8) * ,E8, * of W (E 8 )-invariant weak Jacobi forms is contained in the polynomial algebra of nine variables over the fractional field of C[E 4 , E 6 ]. More precisely, we have
Moreover, the functions
are algebraically independent over M * .
Proof. We denote the rank of J w,W (E8) * ,E8,t over M * by R(t). It is sufficient to show R(t) = r(t) in order to prove the theorem. On the one hand, the nine Jacobi forms A i and B j are algebraically independent over M * . In fact, using the nine Jacobi forms α k,t in [28, Appendix A.2] and [29, pages 11, 19] , we can construct nine W (E 8 )-invariant weak Jacobi forms as polynomials in A i and B j over M * : one Jacobi form of index 1 with q 0 -term 1, two Jacobi forms of index 2 with q 0 -terms orb(w 1 ) and orb(w 8 ) respectively, two Jacobi forms of index 3 with q 0 -terms orb(w 2 ) and orb(w 7 ) respectively, two Jacobi forms of index 4 with q 0 -terms orb(w 3 ) and orb(w 6 ) respectively, one Jacobi form of index 5 with q 0 -term orb(w 5 ), one Jacobi form of index 6 with q 0 -term orb(w 4 ). Since orb(w i ), 1 ≤ i ≤ 8, are algebraically independent over C, we conclude that these nine weak Jacobi forms are algebraically independent over M * . Therefore the nine Jacobi forms A i and B j are also algebraically independent over M * . This fact yields R(t) ≥ r(t). On the other hand, Lemma 4.3 below gives R(t) ≤ r(t). Then the proof is completed.
The next lemma is crucial to the proof of the above theorem. It also has its own interest because the values of W (E 8 )-invariant Jacobi forms at q = 0 are very interesting in quantum field theory.
Lemma 4.2. Assume that
where c(X) ∈ C are constants, X = (x 1 , x 2 , . . . , x 8 ) ∈ N 8 and
Proof. By Lemma 3.3, we know that
and orb(w i ), 1 ≤ i ≤ 8, are algebraically independent over C. We put
which is the closure of a Weyl chamber. We recall the following standard facts: 
Thus, combining equation (4.4) with Lemma 3.1, we obtain
By the facts (b) and (c), the product f m can be written as a finite sum We note that m 1 < m implies T (m 1 ) ≤ T (m) because m − m 1 > 0 and w 8 is the highest root of E 8 , which yield
We therefore establish the desired formula by equations (4.5), (4.6) and (c).
of W (E 8 )-invariant weak Jacobi forms of index t is a free module of rank ≤ r(t) over M * , where r(t) is defined by (4.1).
Proof. Conversely, suppose that the rank R(t) of J w,W (E8) * ,E8,t over M * is larger than r(t). We assume that {ψ i : 1 ≤ i ≤ R(t)} is a basis of J w,W (E8) * ,E8,t over M * and the weight of ψ i is a i . We put a = max{a i : 1 ≤ i ≤ R(t)}. According to Lemma 4.2, q 0 -terms of W (E 8 )-invariant weak Jacobi forms of index t can be written as C-linear combinations of r(t) fundamental elements
Since R(t) > r(t), there exists a homogenous polynomial P = 0 of degree one over M * such that
where c i are constants and E a+4−ai are Eisenstein series of weight a + 4 − a i on SL 2 (Z). Hence P (ψ i , 1 ≤ i ≤ R(t))/∆ = 0 ∈ J w,W (E8) a−8,E8,t and thus it is a linear combination of ψ i over M * , which is impossible.
Some values of rank r(t) are shown in Table 3 . • The weight lattice Λ(
is a polynomial algebra over Z: the Weyl orbits of the fundamental weights of R ∨ are algebraically independent generators (see [1, Théorème VI.3 
.1 and Exemple 1]).
• T (l) can be defined as (l, α ∨ ) (see §2). If T (l) is greater than the index t, then the norm of l − t α ∨ is smaller than the norm of l.
Thus, by virtue of the analogues of Lemmas 4.2, 4.3, we can give a new proof of the fact about the indices of the generators in Wirthmüller's theorem.
The fact about the weights of the generators is related to the Taylor expansion of basic weak Jacobi forms at the point z = 0. We next explain it more precisely. Given an irreducible root system R of rank r, if we could find r + 1 basic weak Jacobi forms φ j of expected indices with q 0 -terms containing the corresponding Weyl orbits of the fundamental weights, then we may show by the above arguments that these Jacobi forms are algebraically independent over M * and for each Jacobi form ϕ, there exist a modular form f with non-zero constant term and a non-zero
If f is not constant, then f vanishes at a point τ 0 ∈ H. We observe that the leading terms of the Taylor expansion of φ j are a homogeneous W (R)-invariant polynomial of degree equal to the absolute value of weight of φ j . Therefore, if these φ j further have the expected weights and the generators of W (R)-invariant polynomials appear in their leading terms of the Taylor expansions, then it is possible to prove that φ j (τ 0 , z) are algebraically independent over C using the fact that the eight generators of W (R)-invariant polynomials are algebraically independent over C, which gives a contradiction. Then we deduce that the ring of Jacobi forms is the polynomial algebra generated by φ j over M * . The above discussions give an explanation why the ring of Weyl invariant weak Jacobi forms is possible to be a polynomial algebra.
Remark 4.5. Our main theorem shows that every W (E 8 )-invariant weak Jacobi form can be expressed uniquely as a polynomial in A i and B j with coefficients which are meromorphic SL 2 (Z) modular forms (quotients of holomorphic modular forms). By the structure results in the next section, these meromorphic modular forms are in fact holomorphic except at infinity when the index is less than or equal to 3. In other words, we have
But when index t ≥ 4, it is very likely that the above meromorphic modular forms have a pole at one point τ 0 ∈ H, which is different from the case in [10] . In [35] , the authors checked numerically that the W (E 8 )-invariant holomorphic Jacobi form of weight 16 and index 5 defined as
vanishes at the zero points τ = ± 
W (E 8 )-invariant Jacobi forms of small index
It is well known that the graded algebra J w,W (E8) * ,E8,1 = J W (E8) * ,E8,t of W (E 8 )-invariant weak (or holomorphic) Jacobi forms of index 1 is a free module over M * generated by the theta function ϑ E8 . In this big section, we give explicit descriptions of the structure of J w,W (E8) * ,E8,t and construct the generators when t = 2, 3, 4. The cases of index 5 and 6 are also discussed. We show two approachs to do this. The first one is based on the differential operators and the second relies on the pull-backs from W (E 8 )-invariant Jacobi forms to the classical Jacobi forms for A 1 .
5.1.
Notations and basic lemmas. In this subsection we present a new way to characterize q 0 -terms of W (E 8 )-invariant Jacobi forms. This new way is convenient to calculate q 0 -terms of Jacobi forms under the action of the differential operators. Let us denote by R 2n the set of all vectors ℓ ∈ E 8 with (ℓ, ℓ) = 2n. Weyl group W (E 8 ) acts on R 2n in the usual way. The next lemma tells the orbits of R 2n under the action of W (E 8 ).
Lemma 5.1. The orbits of R 2n under the action of W (E 8 ) are given by
Proof. Applying the fact (a) in the proof of Lemma 4.2, we can prove the lemma by direct calculations.
Corresponding to the above orbits, we define the following Weyl orbits.
The normalizations of these Weyl orbits are choosen such that they reduce to 240 if one takes z = 0.
By Lemma 3.1 and equation (4.5) , it is easy to prove the next three lemmas. , where c i ∈ C are constants.
Lemma 5.4. Assume that ϕ is a W (E 8 )-invariant weak Jacobi form of index t.
(1) Let t = 2. Then ϕ is a holomorphic Jacobi form if and only if its q 0 -term is a constant. Moreover, ϕ is a Jacobi cusp form if and only if its q 0 -term is 0 and its q 1 -term is of the form c 0 + c 1 2 . (2) Let t = 3. Then ϕ is a holomorphic Jacobi form if and only if its q 0 -term is a constant and its q 1 -term is of the form
Moreover, a holomorphic Jacobi form ϕ is a Jacobi cusp form if and only if c 3 = 0 and its q 0 -term is 0. Moreover We next explain how to determine holomorphic Jacobi forms of singular weight. Let ϕ t be a W (E 8 )-invariant holomorphic Jacobi form of weight 4 and index t. In view of the singular weight, we have
f (n, ℓ)e 2πi(nτ +(ℓ,z)) .
Therefore the coefficients f (n, ℓ) depend only on the class of ℓ in E 8 /tE 8 . Let n ≥ 1 and assume that
Since φ t (τ, 0) = 0, if there exists ℓ ∈ E 8 such that f (n, ℓ) = 0, then there exist
4,E8,6 = 2, then there exists a W (E 8 )-invariant holomorphic Jacobi form of weight 4 and index 6 with Fourier expansion of the form
Let v 2 be a vector of norm 2 in E 8 and z ∈ C. By direct calculations, we see that
is a non-zero weak Jacobi form of weight −20 and index 6 in the sense of Eichler and Zagier [10] , where ζ = e 2πiz and c(i) ∈ C are constants. It is obvious that J w −20,6 = {0} by [10] , which leads to a contradiction. Thus, we have proved the following.
Lemma 5.5.
4,E8,6 = CX 6 . 5.2. The case of index 2. In this subsection we discuss the structure of the graded ring of W (E 8 )-invariant Jacobi forms of index 2. Firstly, Theorem 4.1 shows that J W (E8) * ,E8,2 is a free M * -module of rank 3. It is obvious that A 2 and B 2 must be generators of weight 4 and weight 6 respectively. As A = 0 for k ≤ −6. We next construct many basic Jacobi forms of index 2.
Remark 5.6. There is another construction of ϕ 0,2
where * is a constant and
It is easy to check the following constructions. 
(5.7)
It is easily seen that ϕ −4,2 and ϕ −2,2 must be generators of J w,W (E8) * ,E8,2 over M * . Since [ϕ] q 0 (τ, 0) = 0 if ϕ is a weak Jacobi form of negative weight, we claim that ϕ 0,2 is also a generator of J W (E8) 2k,E8,2 with k ≥ 4, there exist two complex numbers c 1 , c 2 such that
we replace E 2k−8 ∆ϕ −4,2 with ∆ϕ −2,2 when k = 5. From this, we have
We then assert that dim J cusp,W (E8) 2k,E8,2 = 0 for k ≤ 5, and dim J cusp,W (E8) 2k,E8,2 = 1 for 2k = 12, 14, and dim J cusp,W (E8) 16,E8,2 = 2. In view of the fact that W 16,2 is independent of E 4 U 12,2 , we complete the proof.
As an application of our results, we prove that Wirthmüller's theorem does not hold for E 8 . 
5.3.
The case of index 3. In this subsection we continue to discuss the structure of the graded ring of W (E 8 )-invariant Jacobi forms of index 3. We first claim that the possible minimum weight of W (E 8 )-invariant weak Jacobi forms of index 3 is −8. If there exists a W (E 8 )-invariant weak Jacobi form φ of weight 2k < −8 and index 3 whose q 0 -term is not zero, then we can construct a weak Jacobi form of weight −10 and index 3 whose q 0 -term is not zero. In fact, this function can be constructed as E −10−2k φ if 2k ≤ −14, or H −12 (φ) if 2k = −12. We now assume that there exists a W (E 8 )-invariant weak Jacobi form φ of weight −10 and index 3 whose q 0 -term is represented as 
where 2 ≤ i ≤ 5, 1 ≤ j ≤ 5. For these Jacobi forms, if we take z = 0 then their q 0 -terms will be zero. We thus get a system of 5 linear equations with 5 unknowns
By direct calculations, this system has only trivial solution, which contradicts our assumption. Hence the possible minimum weight is −8. Indeed, there exists the unique W (E 8 )-invariant weak Jacobi form of weight −8 and index 3 up to a constant. Suppose that φ is a non-zero weak Jacobi form of weight −8 with q 0 -term of the form We found that (c 0 , c 1 , c 2 , c 3 , c 4 ) = (1, −4, 6, −4, 1) is the unique nontrivial solution of the above system. Therefore, the weak Jacobi form of weight −8 and index 3 is unique if it exists. Next, we construct many weak Jacobi forms of index 3.
(5.14)
Remark 5.9. There is another construction of ϕ 0,3
where * is a constant and the function g is defined as
We next construct the W (E 8 )-invariant weak Jacobi form of weight −8 and index 3. Firstly, we can check
It is easy to see that f −6,3 , H −6 (f −6,3 ), ϕ −4,3 are free over M * because E 4 φ −8,3 , H −6 (f −6,3 ) and ϕ −4,3 are independent. However
Hence we can get a non-zero weak Jacobi form of index 3 and weight −12, which is impossible. It follows that E In fact, we get the coefficients of the q 0 -term of ϕ −8,3 from the solution of the system of linear equations (5.9). We now arrive at our main theorem in this subsection. is a free M * -module generated by five weak Jacobi forms. More precisely, we have
Proof. We first claim that there is no weak Jacobi form of weight −6 and index 3 independent of ϕ −6,3 . Conversely, suppose that there exists a weak Jacobi form of weight −6 which is linearly independent of ϕ −6,3 , noted by f . Without loss of generality we can assume We thus get a system of linear equations of 4 × 4. By direct calculations, we obtain c j = 0 for 0 ≤ j ≤ 3, which contradicts our assumption. is a free M * -module generated by five weak Jacobi forms. It is obvious that ϕ −8,3 , ϕ −6,3 and ϕ −4,3 are generators. Since ϕ −2,3 is independent of E 6 ϕ −8,3 and E 4 ϕ −6,3 , the function ϕ −2,3 must be a generator. Moreover, ϕ 0,3 is also a generator on account of [ϕ 0,3 ] q 0 (τ, 0) = 0. We then conclude the eager result.
In the rest of this subsection, we investigate the spaces of holomorphic Jacobi forms and Jacobi cusp forms of index 3, respectively. Let k ≥ 2. It is easy to see that the five dimensional space A generated by E 2k+8 ϕ −8,3 , E 2k+6 ϕ −6,3 , E 2k+4 ϕ −4,3 , E 2k+2 ϕ −2,3 , E 2k−4 ∆ϕ −8,3 (if k = 3, we replace E 2k−4 ∆ϕ −8,3 with ∆ϕ −6,3 ) does not contain non-zero holomorphic Jacobi form of weight 2k. Moreover, for any φ ∈ J w,W (E8) 2k,E8,3 , there exists a Jacobi form f ∈ A such that φ − f is a holomorphic Jacobi form. We then assert
2k,E8,3 = 1, for k = 2, 3. Thus, we deduce
We further construct
(5.19)
10,E8,3 , (5.20)
It is easy to check that the following vector spaces have the corresponding basis.
E8 are free over M * . This proves the following theorem.
Theorem 5.11. The ring J W (E8) * ,E8,3 is a free M * -module generated by five holomorphic Jacobi forms. More precisely, we have
In the end, we determine the structure of Jacobi cusp forms of index 3. We first construct many basic Jacobi cusp forms. 
(5.25)
For arbitrary k ≥ 4, we can show that the two dimensional space B generated by E 2k−4 A 3 and E 2k−8 ∆ϕ −4,3 (if k = 5, we replace E 2k−8 ∆ϕ −4,3 with E 4 B 3 ) does not contain non-zero Jacobi cusp form of weight 2k. Moreover, for any φ ∈ J W (E8) 2k,E8,3 , there exists a Jacobi form g ∈ B such that φ − g is a Jacobi cusp form. We thus deduce
In a similar argument, we prove the next theorem. is a free M * -module generated by five Jacobi cusp forms. More exactly, we have 
5.4.
The case of index 4. In this subsection we study the structure of the graded ring of W (E 8 )-invariant Jacobi forms of index 4. We first assert that the possible minimum weight of W (E 8 )-invariant weak Jacobi forms of index 4 is −16. If there exists a non-zero weak Jacobi form φ of index 4 and weight k < −16, then its q 0 -term is not zero and is not of the form
otherwise we can construct a non-zero holomorphic Jacobi form of wight less than 4 (i.e. ∆φ). As in the case of index 3, by the Eisenstein series and the differential operators, we can construct a weak Jacobi form of weight −18 with non-zero q 0 -term and note it by f . For convenience, we write
We can assume that f has q 0 -term of the form 1, 1, 1, 1, 1, 1, 1, 1) weight − 18 + 2(i − 1) :
where 2 ≤ i ≤ 9, 1 ≤ j ≤ 9. For these Jacobi forms, if we put z = 0, then their q 0 -terms will become zero. Hence we can get a system of linear equations:
By direct calculations, we know that the determinant of the matrix A is not zero, it follows that the q 0 -term of f is zero, which leads to a contradiction. Hence the possible minimum weight is −16.
One weak Jacobi form of index 4 and weight −16 can be constructed as
where c is a constant and the function h is defined as
Next, we show that ϕ −16,4 is the unique weak Jacobi form of index 4 and weight −16 up to a constant. Similarly, suppose that there exists a weak Jacobi form φ 
where 2 ≤ i ≤ 8, 1 ≤ j ≤ 9. For these Jacobi forms, if we take z = 0, their q 0 -terms will be zero. We then get a system of linear equations:
By direct calculations, it has the unique nontrivial solution 
(5.29)
We now arrive at our main theorem in this subsection. is a free M * -module generated by ten weak Jacobi forms. More precisely, we have
Proof. It is sufficient to show that there is no any other weak Jacobi forms of weight less than −4 which are independent of ϕ −2k,4 , 0 ≤ k ≤ 8, and ψ −8,4 . We only prove that there is no weak Jacobi forms of weight −14 independent of ϕ −14,4 because other cases are similar. Suppose that there exists a weak Jacobi form of weight −14 which is linearly independent of ϕ −14,4 , noted by f . We can assume 
For each Jacobi form of negative weight, if we put z = 0 then its q 0 -term will become zero. For the Jacobi form of weight zero, we can modify c 8,j to (14 − 6j)c 8,j by Lemma 3.5. We then get a system of linear equations:
By direct calculations, it has only trivial solution. Therefore q 0 -term of f is of the form
Therefore, ∆f is a holomorphic Jacobi form of weight −2 and then we have * = 0, which contradicts our assumption.
In the end of the proof, we explain why there is no weak Jacobi form ψ In the rest of this subsection, we study the spaces of holomorphic Jacobi forms and Jacobi cusp forms of index 4. We first construct many basic Jacobi forms. and use them to prove the next theorem.
Theorem 5.14.
(1) The ring J W (E8) * ,E8,4 is a free M * -module generated by ten holomorphic Jacobi forms. Moreover, it has the following basis Remark that these constants * are choosen to cancel the term q 2 16 ′ in the above constructions of Jacobi cusp forms.
5.5.
Isomorphisms between spaces of Jacobi forms. In this subsection we use the embeddings of lattices to build two isomorphisms between the spaces of certain Jacobi forms. We denote by J w,O(L) k,L,t the space of weak Jacobi forms of weight k and index t for the lattice L which are invariant under the action of the integral orthogonal group O(L).
We first consider the case of index 2. Recall that the Nikulin's lattice is defined as (see [16, Example 4.3] )
where (a i , a j ) = 2δ ij , (h, h) = 4. It is easy to check that N 8 is a sublattice of E 8 . We then have
Thus, we arrive at the following isomorphism.
Proposition 5.15. The natural map
is a M * -modules isomorphism. Here, Z = 8 i=1 z i e i , the set {e i : 1 ≤ i ≤ 8} is the standard basis of R 8 , and φ(τ, z) is defined as
Proof. Under the discriminant groups, the O(D 8 )-orbit of ( is in fact the space the Weyl invariant weak Jacobi forms for the root system C 8 . By Table 2 , there exist weak Jacobi forms φ −4,D8,1 , φ −2,D8,1 , φ 0,D8,1 . Thus, by Theorem 5.7, we prove the surjectivity of the above map.
Remark that
is also a M * -modules isomorphism.
We next consider the case of index 3. We see from the extended Coxeter-Dynkin diagram of E 8 (see Figure 1 ) that A 2 ⊕ E 6 is a sublattice of E 8 . Observing the extended Coxeter-Dynkin diagram of E 6 (see Figure 2) , we find that 3A 2 is a sublattice of E 6 . Then we have
In a similar way, we can prove the following result. 
is a M * -modules isomorphism. Here, we fix the standard model of A 2
and ϕ(τ, z) is defined as
weight will be less than the maximal norm of Weyl orbits, which causes our previous approach to not work well because there are not enough linear equations in this case. In order to study W (E 8 )-invariant Jacobi forms of index larger than 4, we introduce a new approach relying on pull-backs of Jacobi forms. For convenience, we first recall some results on classical Jacobi forms introduced by Eichler and Zagier in [10] . Let J w 2k,t be the space of weak Jacobi forms of weight 2k and index t. It is well known that the bigraded ring of weak Jacobi forms of even weight and integral index is a polynomial algebra over M * generated by two basic weak Jacobi forms
and v 4 be a vector of norm 4 in E 8 . Then the function φ(τ, zv 4 ) is a weak Jacobi form of weight k and index 2t. In order to compute the Fourier coefficients of φ(τ, zv 4 ), we consider the pull-backs of Weyl orbits. Let v be a Weyl orbit associated to v defined in §5.1. Recall that
Since the Weyl group W (E 8 ) acts transitively on the set R 4 of vectors of norm 4 in E 8 (see Lemma 5.1), we have
In view of this fact, we define This new approach can be used to recover some cases of index 3 and 4.
Index 3:
−2k,E8,3 , where · · · stands for the Weyl orbits of norm less than 8. Then we have
here · · · stands for the terms of type ζ ±i with 0 ≤ i ≤ 4. Note that in the above equation the term ζ ±5 may have positive coefficient different from 1. But this does not affect our discussion. Thus, we always omit this type of coefficient hereafter. We claim that −2k ≥ −8. If −2k < −8 i.e. k > 4, then J We know from [18] that the space J w,O(A4) * ,A ∨ 4 (5),1 is a free module over M * generated by six weak Jacobi forms of weights −8, −6, −4, −4, −2 and 0. We briefly explain the construction of the generator of weight −8. It is known that
Using the analogue of Proposition 3.8, we can construct two independent holomorphic Jacobi forms f 1 and f 2 of weight 4 from the space M 2 (Γ 0 (5), ( here and subquently, we use the following notations
, j = 4, 7, 8, 9, 10, 11, 12, 13.
In general, we only know the coefficients c j and it is hard to calculate the exact values of c This is impossible because φ(τ, 0) = 0. Thus, we have −2k ≥ −22.
Combining the above arguments together, we have
It is easy to continue the above discussions and prove that dim J w,W (E8)
−20,E8,6 ≤ 6. We next construct two independent W (E 8 )-invariant weak Jacobi forms of weight −24 and index 6.
From the embeddings of lattices 4A 2 < E 8 and 2D 4 < E 8 , we see
By anti-invariant under the odd sign change. We refer to [2] for their constructions. The q 0 -term of φ −12,D4,3 is quite complicated but it is easy to see that it contains only one O(D 4 )-orbit of vectors of norm 18. Thus, the tensor product of φ −12,D4,3 gives a W (E 8 )-invariant weak Jacobi form of weight −24 and index 6 with leading Fourier coefficient 36 ′ in its q 0 -term. We note this function by ψ −24,6 . If the unqiue W (E 8 )-invariant weak Jacobi form ϕ −26,6 of weight −26 and index 6 exists, then it is possible to prove that the above inequalities of dimensions will be equalities and the generators can be constructed by applying the differential operators to ϕ −26,6 , ϕ −24,6 and ψ −24,6 . In addition, the function ϕ −4,2 ϕ −16,4 should be also a generator of weight −20.
5.9.
Further remarks. We close this section with the remarks below.
Remark 5.19. A holomorphic function is called a E 8 Jacobi form if it only satisfies the last three conditions in Definition 2.1. The space of W (E 8 )-invariant Jacobi forms is much smaller than the space of E 8 Jacobi forms. By [11] , the dimension of the space of E 8 holomorphic Jacobi forms of weight 4 and index 2 is 51. It follows that the dimension of the space of E 8 weak Jacobi forms of weight -8 and index 2 is 50. One such function is
ϑ(τ, z 2i−1 + z 2i )ϑ(τ, z 2i−1 − z 2i ).
But we have proved that there is no non-zero W (E 8 )-invariant weak Jacobi form of weight -8 and index 2. We refer to [9] for the dimensional formulas of the spaces of E 8 Jacobi forms of large weights.
Remark 5.20. The methods described in this paper would be useful to study the ring of Jacobi forms for other lattices. For example, as an application of our methods, we determined in [18] the structure of the ring of weak Jacobi forms of index 1 for the lattice A Remark 5.21. One question still unanswered in this paper is whether the bigraded ring of W (E 8 )-invariant weak Jacobi forms is finitely generated over M * . This question is at present far from being solved. If this ring is finitely generated, then it will contain a lot of generators (more than 20) and there are plenty of algebraic relations among generators.
Modular forms in ten variables
In this section we investigate modular forms with respect to the orthogonal group O + (2U ⊕ E 8 (−1)). In [19] , Hashimoto and Ueda proved that the graded ring of modular forms with respect to O + (2U ⊕ E 8 (−1)) is a polynomial ring in modular forms of weights 4, 10, 12, 16, 18, 22, 24, 28, 30, 36, 42 . The dimension of the space of modular forms of fixed weight can be computed by their results. In [6] , the authors showed that one can choose the additive liftings of Jacobi-Eisenstein series as generators. We next give an upper bound of dim M k (O + (2U ⊕ E 8 )) based on our theory of W (E 8 )-invariant Jacobi forms.
Let F be a modular form of weight k with respect to O + (2U ⊕ E 8 (−1)) with trivial character and z = (z 1 , · · · , z 8 ) ∈ E 8 ⊗ C. We write where r ≥ 0 and P r maps F to f r . From this, we obtain the following estimation
k,E8,r (q r ).
It is clear that J W (E8)
k,E8,r (q r ) = {0} for sufficiently large r, and then M k (O + (2, 10))(p r ) = M k (O + (2, 10))(p r+1 ) = · · · = {0}. We thus deduce
k−12r,E8,r .
We use the pull-back from W (E 8 )-invariant Jacobi forms to W (E 7 )-invariant Jacobi forms to improve the inequality (6.1). . We see at once that the upper bound is equal to the exact dimension when weight is less than 42 except 34 and 38.
By means of the same technique, we can assert dim M 4 (O + (2U ⊕ E 8 (−2))) = 1, dim M 6 (O + (2U ⊕ E 8 (−2))) = 1.
These two modular forms can be constructed as additive liftings of holomorphic Jacobi forms A 2 and B 2 , respectively. In the end of this section, we construct two reflective modular forms. Following [14] , we construct Borcherds products from weakly holomorphic Jacobi forms of weight 0. It is easy to check that φ 0,2 = E 2)). Another construction of this modular form can be found in [16] .
The Borcherds product of ϕ 0,2 is a strongly reflective modular form of weight 60 with respect to O + (2U ⊕ E 8 (−2)). Its divisor is determined by 2-roots of E 8 . It is anti-invariant with respect to the action of the Weyl group W (E 8 ) and it is not an additive lifting.
